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ABSTRACT 


Dyson  has  shown  that  the  evaluation  of  the  3- matrix  for 
quantum  electrodynamics  oan  be  reduced  o the  problem  of  eval« 
uatlng  certain  quantities,  3*^,  D,F  and  • .By  making  use 
of  a formula  relating  the  T-product  of  an  operator  with  its 
corresponding  N-product,  integro-differential  equations  for 
S»*  and  D1  are  obtained.  These  equations  are  identical  in 
fora  with  those  given  by  Schwinger  for  his  Green* exjunctions 
and  henoe  it  is  concluded  that  the  tvo  formal icaa  are  equivalent. 
In  addition  it  is  shown  that  all  of  the  quantities  introduced 
by  Schwinger  can  be  expressed  in  terms  of  a single  quantity, 

Sva0,  the  vacuum  expectation  value  of  the  3-matrix.  The 
normalization  problem  is  not  disouesed. 


X.  INTRODUCTION  AND  REVIEW 


Zn  a recent  work1,  Schwinger  has  proposed  a theory  of 

Green's  funetiona  which  appears  to  be  applicable  to  many  of  the 

problems  of  quantum  electrodynamics  and  similar  theories*  However, 

2 

since  his  theory  is  based  on  his  own  formall.o  of  quantized  fields  , 
It  is  not  immediately  evident  which  connection  exists  between  his 
results  and  those  of  conventional  field  theories  . It  is  with 


this  relationship  that  the  present  paper  will  deal.  Specifically 
we  will  show  how  the  results  of  Schwinger's  theory  oan  be  derived 

*»  A 

from  Dyson's  theory0  of  the  S-matrlx  . It  Is  hoped  that  such  a 
demonstration  will  serve  two  purposes;  first,  to  make  Schwinger's 
results  readily  available  In  terms  of  an  already  familiar  formalism, 
and  Becond,  to  afford  a set  of  rules  whereby  one  may  calculate 
directly  from  S-matrlx  theory  the  various  Green ' s-f unctions  Introduced 
by  Schwinger. 

In  the  work  to  follow,  we  shall  make  use  of  many  of  the 
results  of  S-matrlx  theory  and  hence,  for  the  sake  of  convenience, 
we  will  conclude  this  section  by  enumerating  them.  In  the 
interaction  representation,  the  state  veotor  H ,J  of  the 
system,  consisting  of  electromagnetic  and  electron®poeitron  fields 


in  interaction,  satisfies  the  equation 


? &<?(*) 


\ J.  Schwinger,  Proc.  N.A.a.  jjg,  462  (1951). 
r J.  Schwinger.  Phys.  Rev.  g£,  914  (1961). 

° For  an  excellent  summary  and  bibliography,  see  F.  J.  Dyson,  Phya. 
Kev.  26,  466  and  X736  (1949). 

4 For  an  alternate  treatment  see  R.  Utiyaoa,  8.  Sunakawa  and 
T.  Imamura,  Prog.  Theor.  Phya.  3,  7?  (1962). 


where  C .(  k ) is  the  interaction  Hamiltonian  density  is  given  by6 

OC(x)  - ~ Am  (*■ ) TL//U(x)j 

Here  J^(x)  is  the  field  ourrent,  which  for  convenience  we  write  at 

j^Cx;  * § ( itm  (*>  fy  {* J -tyfxij UM(x>) 

whereas  (x)  ie  some  arbitrarily  given  external  current6. 

In  what  follows,  we  will  be  mainly  interested  in  that  operator 
3,  the  "so-called*  9-matrix,  which  transforms  a state  of  the  system 

a 

at  t«-o o,  into  the  corresponding  state  at  t * +°°  . Feynman' 

has  shown  that  3 can  be  written  in  the  form 

S = T[<*f>{-ijj'fd3*JC(x)}]  = T[*S]  0> 

The  T-product  appearing  in  £q.  (1)  and  first  introduced  by  Wick® 
le  defined  by; 

T(uv---z)  - SpXY  ■■  W (/> 

the  factors  U,  V,  ...  being  arranged  in  ohronological  order  in  the 
ordinary  product  on  the  right.  By  ohronological  order,  ve  mean 
that  if  two  operators  In  the  T-product  of  Eq.  (Z)  correspond  to 
points  eeparateu  by  either  a time-like  or  a zero  interval,  then 
in  the  ordinary  product,  that  operator  operates  first  which  corresponds 
to  the  earlier  time.  The  sign  faotor  6p  ie  the  signature,  t 1, 
of  the  permutation  (between  left-hand  side  and  right-hand  side  of 
Eq.  (2)  of  the  electron-positron  aerators  only. 

& Throughout  this  pacer  we  shall  employ  Schwingers  notation  and 
use  units  where  f-.-i.c--i  « 

6 The  interaction  Hamiltonian  employed  here  differs  from  that  em- 
ployed by  Schwinger  in  that  we  dispense  with  the  external 
spinor  fields  i?(x)  and  ij  (x).  Slnoe  these  quantities  were 
introduced  by  Schwinger  as  a mathematical  convenience  and 
are  eventually  set  equal  to  zero,  the  results  obtained  hers 
will  be  equivalent  to  those  obtained  by  Sohwlnger. 

2H.  F.  Feynman.  Phye.  Rev.  84  (1951),  108. 

0.  G.  Nick,  Phye.  Rev.  80  (1960),  268. 


II.  THi.  OHDLKINO  OPERATORS 

Several  methods®*9*®  have  been  given  for  aetually  evaluating 
the  matrix  elements  of  a T-produot  such  as  appear  in  £q.  (1).  All 
of  these  methods  essentially  Involve  the  transformation  of  the  T« 
product  into  an  N-product,  where  the  N-produot  is  defined  by: 

N(uV“Z)  = 6pXV"Vl/ 

the  ordinary  product  on  the  right  containing  the  same  faotors  U, 

V,  ...  ordered  in  suoh  a manner  that  all  oreation  operators  stand 
to  the  left  of  all  destruction  operators.  In  this  form,  the  matrix 
elements  of  any  T-produot  can  be  readily  calculated.  In  this  seo» 
tlon  we  will  derive  the  fundamental  expression  (7.1),  giving  the 
relation  between  an  arbitrary  T-product  of  electromagnetic  and 
electron-positron  field  operators  and  its  corresponding  N-product. 

We  shall  treat  first  the  oase  of  a T-produot  which  is  a 
functional  only  of  the  electromagnetic  field  operator  A^(x).  In 
order  to  Introduce  oreation  and  destruction  operators  into  the 
theory,  we  deoompoee  AM(x)  Into  two  parts  according  to9 

AM(x)  = A^.  (x.)  * (x  } 

where  aJ.  (x)  contains  only  photon  destruction  operators,  while  A' (x) 
contains  only  photon  oreation  operator!.  These  auxiliary  fields 
satisfy  the  following  commutation  relations: 

[A*  (*),  s i Sm*[Oa  (*-*')-  ol  ( a-k'j] 

[A^  (x),  falx)}  * : 5^v[0.Wa-aJ- 0*  fK-x'j]  (3) 

IAZ(*>.  * [AZ.(*j,A3(a)J  * o 

o 

for  a detailed  discussion  of  this  method  of  decomposition,  see 
J.  Sohwinger,  Phye.  Rev.  2ft  (1949),  601. 


«*•*  «"• 


where  the  only  property  of  the  D functions  which  we  shall  need  is 


that 

and 

satifies 


0}  (x ) * o L'  x <o 

. r 

U/}  ( X ) - O foe  A > 0 


Dp(x)  - -i  j D*  I*)  •*■  Dp 


Q D^x;  - z S(x) 

With  the  help  of  £q.  (3  -6)  , we  shall  now  prove  the  follow** 
ing  statement:  the  N-produot  corresponding  to  a given  T-product 

oan  be  obtained  by  substituting  for  every  field  operator  Ajx) 
the  quantity  a'm(x)  given  by10 

K (*>  - a»<*j  ♦ (A'x')^C(xi 


(4) 

(5) 
It) 


(V 


in  the  T-produot,  considered  now  as  an  ordinary  o-number  functional 
of  the  A*(x),  and  performing  the  indicated  differentiations.  Ths 
resulting  expression  is  then  to  be  oonsidered  as  an  N-product,  which, 
in  fact,  is  equivalent  to  the  original  T-produot.  The  statement 


10  The  functional  derivatives  -CA>7U*)  are  defined  through  the 
equation 

•-  / x 

h's(A^)  v *s(Am+6Am)~  5 J — ~~~~e  ' SA/aCx.)  cL*x 

Strictly  speaking  this  definition  is  meaningless  sinoe  the  quanti- 
ties appearing  therein  are  operators  which  do  not  commute  with 
each  other,  we  give  meaning  to  the  aquation  by  assuming  that  the 
are  o-numbers.  When  so  defined,  the  functional  derivatives 
have  the  property  that 


la  of  course  triv' ally  true  when  the  T^product  to  be  reordered  ie 
Just  (x)  Itself.  To  prove  It  for  the  more  general  o&se,  let 
us  proceed  by  assuming  that  It  la  true  for  some  T-product,  t[.?Y/V)]> 

l.e.,  that 

Then,  If  we  can  prove  It  for  T [AuA)  j/Aoj  , we  can  conclude,  by 
Induction,  that  the  above  mentioned  statement  Is  Indeed  valid. 

This  last  assertion  follows  from  the  fact  that  every  operator 
functional  can  be  exprecesd  as  a functional  power  series  In  the 
A^fx}.  To  proceed  with  the  proof,  let  ue  assume  that  the  value  of 
x lies  somewhere  between  the  times  to  which  the  operators  In 
7(A)  correspond.  We  express  this  by  the  equation 

T[A*(xJ?(/))]  = X(A)A»(k)Y(A) 

or  equivalently,  by 

T|yWx)?(A)]  = X(A)  [/\»(k)+AZ.(.k)}  Y(A) 

where 

\(A)Y(A)  - 7(A) 

In  order  to  convert  Eq.  ( 9 } Into  an  N^produet  we  must  commute 
A~m(x)  through  X and  AV.  (x)  through  Y.  This  can  be  done  by  mailing 
use  of  the  commutation  relations  (3)  and  yields 

T [Am(x)7^)]  s A;(a)x  y 1-  f-ifctV  Dt(*'*')  k]  y 

f Xy /£(x)  i-  X Da  <*’*') Y) 

However,  because  of  the  nature  of  D*  (*)  and  0,?(x)  and  because 
all  times  In  Y precede  * whloh  In  turn  preoeeds  all  times  In  X, 
we  can  rewrite  this  equation  as 


*»  .J 


T[^(x)  i7A)]  = /Am  (x;X  y r xr  filZ  Cxj 

+ - ,/*v  o;wjfazfrY 

Upon  substitution  from  Eq,  (3)  into  Sq.  ('£)  we  obtain 

= Au'(x)  N[: 7(A‘>]*  N[?(A')]AU*) 

rHjV w&riMTm] 

Since  now  the  quantities  A"^  (x)  and  A^(x)  appear  in  '?  (A)  only 
in  the  combination  A^(x)*  AV(x),  we  note  that 

N [?(*  >]  *"[££—7] 

and 





’aJA^Cxi 
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Therefore,  Eq.  (1  J becomes 

T[iw  ?(A)]  - N["(a;  i*)  + AL(*)}  ?(#)] 


(10) 


(ID 


P 

Finally,  remembering  the  definition  of  D (x),  we  have 

t[a^(x)?(a)]  *n[(  «-/<xv  D? (*-*') 4? — /3W;] 

/O^  /im£x  ^ J 

- N [Am  lx)  j ( M j] 

which  was  to  be  proved. 

We  can  reformulate  this  result  by  noting  that  Eq.  (7  ) can  be 
rewritten  in  the  fora 


A*M  *eaA+U)e~* 


? 


«« 


where 


A = £ j<iVj4x'5/,v 


Of  (*- 


X'J 


J 


aa  oan  readily  be  verified  by  direct  calculation.  Therefore,  If 

T [?(*)]  * N ["? (A'j] 


(II) 


then  It  la  also  true  that 

T|>(A)]  = N[ec 

In  particular.  If  va  are  Interacted  only  In  the  matrix  elements  of 
we  oan  dleregard  the  factor  e , alnoe  there  Is  nothing 
for  It  to  operate  on,  and  write  finally 

<T[‘7fA)]>  * <N[e‘a-7(A)]> 

In  what  follows,  we  shall  refer  to  A as  the  photon  ordering  operator. 

We  oan  also  derive  an  expression  for  an  electron-pcoltron 
ordering  operator.  In  order  to  do  so  we  must  decompose  the  electron* 
positron  operator  according  to 

ys(x)  * lUx.)  «.  U(x) 

ip  (x)  - U(X)  + u (x) 

where  u (u  * ur£  ) destroys  (oreates)  electrons,  and  v (v*B  rr) 
destroys  (creates)  positrons^.  For  our  purposes,  we  shall  need 
the  following  table  of  antlcommutatore: 

{■U*(S),  u.6(y)]  = -i  { S^fd-g) - 

{^(3).  vHU>i  = -i[s£(z-x)-S*P( 2-3)] 


with  all  other  possible  antlcomoutatore  vanishing.  The  Feynman 
kernel  function  Sp„p  (x)  la  defined  aa 


We  represent  the  poeltrona  by  "negative-energy"  electron  wave 
functions  and  not  by  the  charge- con Jugate  funotlons. 


c 


( % 


4*  oo*s  *•(,)] 


f(4) 


and  eatieflee 

Co  (*)  S/y(x>  * i £<*«■  S (*) 

where 


(if) 


L*3(k;  * (-i  a/sx^  ♦ £ 84  m)  (76) 

tfe  can,  in  complete  analogy  with  the  method  used  to  arrive 
at  Eq.  ( 7),  derive  a similar  set  of  expresoione  for  the  electron- 
positron  operatore.  We  will  not  repeat  the  details  of  the  proof, 
but  simply  assert  that  for  any  functional  3C(ysty/) 


where 


and 


T[<jc(r  ?)]  - n [jc( ?:$')] 


(*>  = %(*)-/ s*r  (*.*')  A- — 

> Y'r  Cx') 


Now,  however,  due  to  the  fact  that  the  electron-positron  operatore 
anti-commute  with  each  other,  we  must  give  a slightly  different 
meaning  to  the  functional  derivative  ae  ea^loyed  in  Eqe.  (n«*i>  ). 
A moments  consideration  shows  that  the  oorreot  definition  le  given 
by  the  following: 

•*<*•>)'*  ; >»?■* 


(/7o.) 


(m>) 


‘"I 'i***  <*■*'■> 


■»  9 « 


from  which  it  Immediately  follows  that 
'£ — ? .0 

As  before,  we  can  introduce  an  ordering  operator  2L  defined  by 

sLu.,-1  4 

^ ^ a9^q(a‘) 

and  write,  in  plaoe  of  £qs.  ( >'>■■), 

f7e,b 


08) 


>*'(*)*  V'-fxje*1 


and 


Henoe, 


#»<*> 


Tfjc(v'.v)]*  M [ez<X ( 


(l  9<0 


(/9  b) 


and  again,  if  we  are  interested  only  in  the  matrix  elements  of 
JCC^J  we  can  write 

(t[x(v. £j]>  * (T-°) 

Upon  combining  the  results  contained  in  Eqe.  (/3),  (20} , whioh  we 
can  do  ainoe  the  two  fields  commute,  we  obtain  the  equation  llnk« 
ing  a given  T-produot  to  its  corresponding  N-produot,  namely12 

<Tf SCA.ir.  £J]>  = CN  [e^e1^  (Ar*.  £)]> 

Aa  we  shall  see  later  on,  this  result  will  greatly  simplify  our 
work  in  treating  the  various  Oreen* a-funotiona  to  be  introduced. 


Zn  passing,  it  is  interesting  to  note  that  it  is  possible 
to  derive  from  Eq.  (11),  the  more  conventional  rules  for  the 


18  8.  Horl.  Prog.  Tmor,  Phys.,  7,  678  (1962)  has  obtained  a 
similar  formula  but  only  for  the  special  oase  where  $ 

is  the  Beatrix  itself.  We  have  developed  Eq.  (U)  since  we 
will  need  it  to  treat  more  general  forms  of  & • 


••  10 


o 


transformation  of  a T-product  into  its  corresponding  N-product*5*8. 
For  the  sake  of  simplicity,  we  Hill  oarry  out  the  demonstration 
only  for  the  eleotromagnetio  field,  and  leave  the  oaee  of  the 
eleotroiwpoaitron  field  to  the  interested  reader*  We  shall  first 
state  the  rules  whereby  the  transformation  oan  be  effected.  Zn 
any  T-produot  of  the  A/*.  (x)  we  piok  out  a certain  even  number  of 
faotors,  either  none  or  all  or  any  intermediate  number,  and 
associate  them  together  in  pairs.  We  replaoe  each  pair  of  faotors 
A/*  (x),  Av(y)  by  Sm*  Df(x  « y)  and  multiply  the  result  by  the 
remaining  faotors  of  the  T-produot  arranged  in  a normal  order.  For 
instance,  in  the  T-product  t[  k^(x^)  Av(xg)  Aa  (x5)  Ar(*4)J  » 
the  possible  results  for  such  fao tor-pal rings  are  given  below: 

Dr(K,**§)  N[A*(*t>)Ax(*4)], ' ", 

f r 

Smv  D ( *i *x») 6at  0 ( Xj -x^ ) ^ O (x,-Xj)  Svt  0 (xi *x, ) , • • ■ 

W lok  has  then  shown  that  a given  T-produot  is  equal  to  the  sum 
of  the  results  of  all  such  fao tor  pairings,  l.e,,  for  the  example 
given,  the  T-produot  is  equal  to  the  sum  of  all  the  expressions 
in  the  above  table. 

Zn  order  to  show  that  £q.  (21)  is  equivalent  to  these  rule^ 
we  need  merely  to  expand  6*  In  a power  series.  The  first  term 
in  the  expansion  la  Just  unity  and  henoe  we  simply  arrange  all 
of  the  faotors  A^fx)  appearing  in  $ in  a normal  order:  for  this 
first  term  we  make  no  factor-pairings.  The  next  term  in  the  ex- 
pansion is  just  A • Because  of  the  nature  of  the  functional 
derivatives,  the  net  effsot  of  operating  with  it  on  5 is  bo  piok 
out,  in  all  poselble  ways,  two  faotors  (x)  and  A y (y)  and  insert 


- n - 


in  their  plaoe  6av  D?(x  - y).  Upon  rearranging  the  remaining 
faotors  in  a normal  order,  as  the  equation  telle  ue  to  do,  we 
obtain  the  ume  of  all  the  results  of  x single  factor-pairings 
mentioned  above,  In  a similar  manner  we  sue  that  the  third  term 
in  the  expansion  will  give  us  the  sum  of  the  results  obtained  by 
making  all  possible  pairings  involving  four  faotors  A^(x),  and 
so  on.  The  faoti, rials  ooopensate  for  the  fact  that  in  the  nth 
t era  of  the  expansion  eaoh  particular  pairing  oocurs  n!  times. 
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III.  TEE  ONE  ELEuT;^'  * zti  l'M i a.FUNCTlQh 

In  dealing  with  Eq.  (2.1),  it  ie  often  convenient  to  employ 
the  so-called  Feynman  graphs.  The  Feynman  graph  for  a particular 
tens  in  the  expansion  of  the  right  hand  aide  of  Eq.  (21 ) can  be 
drawn  as  follows:  For  every  faotor  DF(x^  - x^1)  a dotted  (photon) 

line  is  drawn  connecting  the  points  x^  and  ; for  every  faotor 

p 

® otft  (xj  - xj1)  a directed  (electron,  positron)  line  is  drawn  from 
Xj  to  Xj*  ; for  the  factors  V*  (xjt),  >4  (x^1)  directed  lines 
are  drawn  leading  out  from  x*  to  the  edge  of  the  diagram,  and  in 
from  the  edge  of  the  diagram  to  x^* ; for  every  faotor  A^xi)  a 
line  is  drawn  connecting  the  edge  of  the  diagram  with  x^.  As 
sometimes  happens,  graphs  corresponding  to  two  different  terms 
in  the  expansion  of  Eq.  (21 ) differ  from  eaoh  other  by  only  one 
or  more  self-energy  parts.  In  Fig.  (I)  we  have  an  example  of  ouch 
a situation.  Here  the  single  line  connecting  the  points  x and  x* 
in  one  graph  le  replaced,  in  the  other  graph,  by  a subgraph  which 
is  unconnected  to  the  rest  of  the  diagram  except  by  two  lines 
running  from  it  to  x and  x'.  Oraphs  vhioh  oont&in  self-energy 
portions  are  termed  "reducible*  graphs  and  always  correspond  to 
some  partloular*irreduoible*  or  •prim'  tlve*  graph.  A particular 
line  in  a primitive  graph,  vhioh  has  as  its  counterpart  in  the 
associated  reducible  graph,  a self-energy  subgraph,  will  be  de- 
noted ae  a a -line.  Dyson  has  shown3  that  the  sum  of  all  of  the 
term  in  Sq.  (-2)  vhioh  correspond  to  a given  primitive  graph, 
plus  all  of  its  associated  reducible  graphs,  can  be  reduced  to  a 
single  term  to  be  associated  with  the  primitive  graph.  This  tern 
is  obtained  in  the  following  manner:  In  the  term  associated  with 
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Scattering  of  electron  by  electron  in  2nd  and  Uth  orders. 
1«  a A -line 


The  photon 


F 

th«  primitive  graph  we  replace  eaoh  faotor  BF«a  (x  - x*)  or  D (x  - 
ae  the  ease  ac.y  be,  vhloh  correspond  a to  a A -line  to y the  new 
faotor*  0*0  (x  x1),  5mv(x  x*)  respectively.  Substitutions 
muet  also  toe  end*  for  external  > -lines  tout  for  our  purposes  we 
need  not  oonslder  them.  These  new  faotors  are  given  toy 

£«<*.*•>  •<  r[y*  j]>.  S s+c 


and 

(x,x ) - ( “T  [ ( x)  A*  3 'y  Sk/-» 

where  the  subscript  o Indicates  that  we  are  to  take  the  vacuum 
expectation  value  of  the  quantity  appearing  between  the  brackets 
and  where  Is  defined  through  Eq,  (1  )•  3**©  Is  Just  the 

vaouum  expectation  value  of  the  S-oatrlx. 

In  tnis  section  we  shall  derive  a closed-form  expression  for 
0*9  (x,  x* ) In  terms  of  3^*©,  vaouum  expectation  value  of  the 
S-matrix  and  at  the  same  time  derive  the  differential  equation 
satisfied  toy  0.  As  we  shall  see,  this  equation  will  toe  Identical 
with  the  one  given  by  Sohvlnger  for  his  one  electron  Green's 
function  and  henoe  we  will  toe  able  to  oonolude  that  Sohwlnger's 
0 Is  ldentloal  to  the  one  defined  In  Eq.  (2*).  With  this  faot  in 
mind,  ve  can  also  oall  our  G the  one  electron  Green's  lUi  otlon. 

In  order  to  Investigate  the  properties  of  G,  let  us  apply  the 
results  of  £q.  (i*  ) to  Eq.  (it).  We  have  then  that 


C-^(x.x')  » <N[e*elp*(») y>. U)A ] >„ C. 
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In  the  Investigation  of  suoh  quantities  as  appear  in  the  right* 
hand  side  of  Eq.  (2.4)  it  is  oonvenlent  to  know  the  commutation 
properties  of  SI  with  respeot  to  (x)  and  (x1).  By  combining 
the  results  of  Eqs.  (n*,6;  1 9&,b  ) we  obtain  directly  that 


and 


[e', 


,-Mi 


fc*  fa  M]  s /<*V  SfiA 


Let  us  now  use  Eq.  (156)  to  interchange  the  positions  of  € and 
pftCx'jfa  (x)  in  Eq.  (14).  The  net  effeot  of  this  interchange  is 
simply  that 

G •*(*-*'■>  ’ (*-*■) */4^  V <v3>  S«  <3'-x’>  * 

Jl 


hyKg’J  Jyriy)  e*  Do  S"’ 


Because  of  the  form  of  *L  « we  also  have  that 

A^ltl  Sk/KC  ^ ^ ^ , 4 

J7r~T  , : 77T; — <(Nle  eT*S])*S*~. 

JSS/xr^  -j)  JSirl 3'-j)  x 1 /o 

Z-  <■* 


-<N(. 


e*ezj]X  slL 


Direot  substitution  ct  Eq.  (27)  into  Eq.  (2-6)  then  yiolds 

= s*« (x  <*-*>  (2''x,) 


Thus  we  see  that  the  one-eleotron  Green* s-funot ion  can  be  ex- 
pressed entirely  in  terms  of  the  single  quantity  Svao* 


(ZSc.) 

(2fW 

(Z6) 

(Z7) 
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At  this  point  a word  should  be  eaid  concerning  8 . In  Eq. 

(2  7)  we  have  treated  SVft<J  as  though  it  wore  a functional  of  SF  (x). 
Actually,  since  3^  is  a specified  funotlon  of  its  arguments,  Syao 
le  Just  a number.  Strictly  speaking  then,  the  functional  derivative 
of  8Tmo  with  respeot  to  3F(x)  has  no  meaning.  However,  we  can 
give  it  meaning  if  we  consider  SF(x),  and  also  DF*x),  to  be  arbi- 
trary functions  of  their  arguments.  It  is  only  after  we  carry 
out  the  prescribed  operations  on  that  they  assume  their 
aotual  functional  dependence. 

Although  we  have  obtained  an  expression  for  the  one-eleotron 
Oreen*  a-f unction,  in  terms  of  Sy^,  it  is  sometimes  convenient 
to  know  the  differential  equation  satisfied  by  O ^ . We  can  derive 
this  equation  by  again  making  uee  of  Eq.  (24).  it  will  prove 
convenient  however,  to  interchange  the  order  of  and  fee*)  and 
write 

<** (*.*')  = - < N [e*ez  p. (xj  ya  MjSJ\ sZ 

Ut  us  now  commute  eT  through  %(k)  . Referlng  to  £q.  (2Sa), 
we  see  that  the  result  le 

[U*#  S“‘  («•> 

(The  term  whloh  contains  the  factor  %fx)  standing  to  the  left  of 
Q*  vanishes  since  we  are  taking  the  vacuum  expectation  value  of 
the  entire  expression.)  Now,  since  the  functional  derivative 
commutes  with  ez  # we  oan  perform  the  indicated  dif- 
ferentiation in  Eq.  (29)  and  so  obtain 
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6*0 (*,*')  = Sf3  (x-A'j  S^(x^)(n{ ie  e*ez 
A C vis  (XV  V*  <8)  A«  (y>«8 } X S„Vc 


Let  ue  now  make  use  of  the  faet  that 


Mv  liA^)jS 

to  rewrite  Eq.  (30)  in  the  form 

G*«0  (*,*'.)  - SaJ(x-X')  + efd*y  SiCx-flJj-jj  P/iM'lkrCy)* 

*&')>.)  *2 

Mow  eubetltute  the  result  of  Eq.  (2-8)  into  the  bracketed  part  of 
£q.  (3/  ),  and  obtain 

(x,x  ) = S£(x-x‘)  + $*/*  jJZxy)  { $0<?  c * 

s*^w)  jF7T„  s;x 


oy 


vhlob  becomes,  after  a slight  rearrangement  of  terms 

5,g(x.xV  « S.Fa(*,x  )-e{d4!  s! «•» y,V  S/s (y-xl^khi!-  - 

-e/<t4»Si(x*3)C/P-*<»’*'S»%(r*)  glibJ  s^(z'-x)..  , , 


$lt 1 SVac 


- ejk4* S i (x-j)  r£  //a4* iv ' s;r  ( r 2)  £b?z-J s- , , j 


This  result  can  then  be  expressed  In  terms  of  0«i  as 

^*(3) 

-•/<4jfs£  <*•«)»*  4 rrf2 

J*(3) 

Zn  order  to  remain  as  oloes  to  Schwinger* • notation  as  possible, 
we  shall  introduce  at  this  point  a quantity  defined  by 


(31) 


(/W«)>  » -i 


In  terms  of  i-.;»  (,a ) then  becomes 

6*(*,*‘ > « Si  -i?  fd'a  S£0c-,)e« 


-ejdL'z  S%(K-S)rZ  si 

4.t^> 


(34) 


Finally,  toy  applying  the  differential  operator  L 0 to  tooth  sides 
of  Eq.  (34)  we  obtain,  as  the  differential  equation  eatlefied  toy 
0«6 

[L*<rc»)-e<A»<.*)>tia'}  ^£1^1  - 

= i6g  su-*>  «« 


Upon  comparing  this  equation  for  with  the  one  given  toy  Schwinger, 
we  see  that  they  are  identloal  and  henoe  we  are  Justified  in  equat- 
ing our  Green* s-funotlon  with  that  introduced  toy  Schwinger. 

We  eholl  conclude  thie  section  with  a brief  disouasion  of  the 
so-called  "mass"  operator  introduced  by  Sohwlnger.  Schwinger 
has  assumed  that  the  functional  derivative  appearing  in  Eq,  {2f) 
can  toe  represented  toy  an  integral  operator,  i.e.,  that 


^v-cr  JGcii  (*.*'>  r,4  . 

JjZoO S «J  2.«~  (*,>))  Grt(yx') 


(It 


The  mass  operator  M^t  (x,^ ) is  then  defined  thru  the  equation 

M*0(x,y)  a m S*t  $(x*%)  * 2^  (x,^) 

As  was  mentioned  above,  Eq.  (36)  is  an  assumption.  It  can  be 
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Justified  however*  and  we  shall  do  so  by  deriving  an  expression 
for  (x,y)  in  terms  of  3*^.  Let  ue  begin  by  rewriting  Eq.  (as) 
in  Sehwlnger's  matrix  notation.  We  have  that 

6 * SF+  SF  KSe  (31) 

where  K ie  an  abbreviation  for  the  fimotional  derivative  of 
lnBvao  with  respeot  to  8"’.  Eq.  (37)  can  be  solved  for  8**  giving 

Sp  = 0 + S'KfG 

Substitution  of  this  result  back  into  the  second  term  in  the  right- 
hand  side  of  Eq.  (37)  then  yields 

0 - SF  1-  SrK  (n-SeK)~' & 

Now  let  ua  compare  this  equation  with  Eq.  (34)*  written  in  matrix 
form  and  in  terms  of  21  * vis. 

0 . sf -ieSFtHG<A-.)  + iSfIG  (3a) 

We  see  immediately  that  Z is  equivalent  to 

r * «**<*->♦  K(r*ftr'  (33) 

From  this  we  oan  conclude  that  a Z does  exist  and  indeed  can  be 
expressed  in  terms  of  Actually,  the  derivation  leading  to 

Eq.  (3d)  rests  upon  the  assumption  that  (1  ♦ S K)  exists  and 
is  non-singular.  However,  even  if  these  conditions  are  not  fulfilled 
we  oan  still  use  Eq.  (39) , at  least  formally,  to  express  as  a 
series  expansion  in  Sf  and  :c. 
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hi.  properties  of  <Au(*)> 

In  Sohvinger'e  original  work  on  Oreen'e-funotlons,  the  Idea 
was  put  forth  that  one  might  eliminate  eome  of  the  diffioultieo 
inherent  in  the  9-matrix  formalism  by  treating  Eq.  {3S)  ae  a 
baeio  equation  for  0^  . In  other  words,  one  need  not  oonsider 
its  antecedents,  but  attempt  to  solve  it  directly  for  0^  • In 

order  to  carry  out  this  program  consistently,  one  thsn  needs  an 
equation  to  determine  <(AM  (*  >)  . Zn  this  seotlon  ve  shall  derive 
suoh  an  equation,  and,  although  ve  do  not  adhere  to  Schwinger' e 
program  in  this  paper,  ve  shall  find  it  useful  for  other  purposes. 

From  Eq.  (33)  ve  see  that 

('/V(x)>  = A*  (*)*?]  >o  SJ1 

Upon  commuting  € A through  A^(x)  ve  obtain 

<A>u(kJ>=  <N[e*  e*fd*y  Dr(x  (40) 

By  carrying  out  the  indicated  funotlonal  differentiation,  Eq.  (40) 
rune  to 

where 

~ (V  [ Jm  ( y)j8]  X S,JC  (47.) 

Eq.  (41)  oan  bo  put  into  the  form  of  a differential  equation  by 
operating  on  it  with  -iO  to  give 

0<Am(*J>  » ” JM  (x)  “ (j/u(x))  (43) 

Furthermore,  because  of  the  definition  of  , 

(**> 


l 


**  f* o 


^4*  K3)  oan  be  put  In  the  fora 

= - J*(*)-  eV*fi G^Ck.x)  (45-; 

Henoe  we  oan  uee  Eq.  (4S)  together  with  Eq.  (2C)  to  determine  both 
<A^{x))  and  (x,x*)13. 

Before  concluding  thle  section.  It  will  be  of  some  interest 

to  oonelder  the  particular  case  where  (x)=Q.  Since  originally 

J /a(x)  was  introduced  Into  the  theory  as  a mathematical  artifice 

to  enable  us  to  derive  Eq.  (3£),  we  see  that  this  is  the  oaee  with 

wiiloh  we  shall  have  to  deal  in  all  final  applications  of  the  theory* 

In  oaeee  where  differentiation  with  respect  to  J^.(x)  18  indicated 

we  must  perform  the  differentiation  before  we  approach  the  limit 

of  Jm.  ( x ) going  to  zero.  Consider  now  whathappeng  to  G(x,x*)  in 

the  limit*  In  general  0(x,x')  le  not  an  Invariant  function  of 

its  arguments  under  a translation  of  the  coordinate  axle  since  it 

depends  upon  J/u.(x).  However,  in  the  limit  G(x,x')  must  be  an 

invariant  funotion  of  its  arguments  and  hence  becomes  a function 
* 

0 of  the  coordinate  difference  x - x*.  We  oan  therefore  conclude 
from  Eq,  (44)  that 

since  eaoh  component  of  ( J^tx)  )>  is  now  a number  quite  indepen- 
dent  of  the  ooordlnate  system.  The  only  veotor  having  these 
properties  which  le  invariant  under  Lo rente  transformations  is  the 
null  veotor. 

IS 

For  a discussion  of  boundary  conditions  to  be  used  in  connection 
with  solving  these  equations,  see  ref.  1. 
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Upon  refering  back  to  iiq.  (41 ) we  eee  then  that 

-o 

Xn  this  oaae  then,  £q.  08)  becomes  simply 

G * S'+i  5Fi  G 

which  is  just  the  equation  given  by  Dyson  for  his  Orcen's- 
funotion  S,<r  (Eq.  (6.3  ) , 8-Matrix  in  Quantum  Eleotrodynamioe). 
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IV.  THE  ONE-PHOTON  ORLuN»S-FUNCTION 

Zn  this  eeotlon  ve  shall  treat  some  of  the  properties  of  the 
one-photon  Oreen’s  funotlon  as  given  by  Eq.  (23),  Actually,  ve 
•hall  follow  Schwinger  and  define  the  one-photon  Oreen* s-funotlon  aa 

S*A(.  ~ 

“ <^(x)><^vCx;>  (46) 


From  the  results  of  the  preoeeding  seotlon  it  is  evident  that  in 
the  limit  Jju  "*  0,  Qmv  ( xtx 1 ) is  equivalent  to  9fA«v(x,xl).  Keep- 
ing in  mi '.id  now  the  fora  of  *2  , ve  see  that  Eq.  (46)  is  equivalent 


to 


S **(*>*') r 


J/o.  [*)<&  J-yh') 


. -I 

5 vac 


+•  'c^n  ln  5 ✓at 

at* cio  JXoTjT 


or 


^v(x.x')  - - 


4$^  In  5**t 

$ J»(*V 


= $vA(x'x} 


(47; 


By  risking  use  of  Eq.  (33),  ve  oan  then  put  Eq.  (47)  into  the  form 

5«v  (*•*')  = -! 

<J>  Jv  <V) 

Let  us  now  take  the  derivative  of  both  sides  of  Eq.  (40.  By 
na'clng  use  of  the  identity  (46)  we  so  obtain 

$*v  («,*•; . 4,y  D'fx.K-;  Dr(*-j>  4ttt 

JvlX  ; 


(48) 


(49) 


finally,  by  operating  on  Eq.  (49 ) with  □ ws  obtain  the  funda- 
•sntsl  equation  satisfied  by  5*v; 
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O ' j 4*v 

/t9  Jv  (x’j 


Let  ua  examine  the  last  tens  in  the  right-hand  aide  of  Eq.  (f°). 
From  Eq.  (44)  we  hare  that 


j xj)  x 2 e ^ ^ 

J Jv  t«7 


Nov  Eq.  (45)  telle  ue  that  J>i  (x)  ie  equal  to  a term  linear  in 
(a>i(x))  plue  an  additional  term.  Henje,  by  the  chain  rule  of 
differentiation,  we  can  rewrite  Eq.  (i*>)  as 

J-J.(f)  ~ * J 3J<A.(p)  JJvM 


It  then  we  define  a new  quantity  P^v  (x,x’)  by  the  equation 

,«l/9  jSGp  m(*/X) 


fyv  (*.*')  9 ie 


we  can  put  our  fundamental  equation  (50)  Into  a more  symmetrical 
form,  namely 


□5  MV  (*>*')  * 2 &.V  ^(x*x'j  *•  i Jct4^j  Btr  (*-#)  &mv(  y,  x'J 


(4"Z) 


(fSJ 


In  the  particular  oaee  where  «k=0,  Eq.  (49)  beoomes  in  matrix 
notation 

o 0 j 

§>MV  ~ “ i V 

From  this  expreaeion,  ve  eee  that  &-*-  oorreeponde  to  Dyeon*e  0|F, 
and  oorreeponde  to  the  proper  photon- eel f energy  TT*  • 


r\,\ 

L.*± 


V.  DISCUSSION 

In  this  paper  we  have  demonstrated  the  equivalence  between 

the  Green* s-f unctions  and  associated  structures  such  as  the  mass 

operator  Introduced  by  Schwinger  and  the  modified  propagation 

functions  ocourlng  In  the  3-matrix  theory.  In  the  oourse  of  the 

demonstration  a curious  result  appeared,  namely,  that  all  of  the 

various  quantities  introduced  by  Schwinger  could  be  expressed  in 

terms  of  a single  quantity,  Svao.  This  faot  suggests  a possible 

alternate  approach  to  investigating  the  properties  of  the  Green* s- 

funotlons.  Instead  of  examining  each  one  separately,  as  is  now 

done,  one  eight  begin  by  examining  the  properties  of  3Vac»  con- 
s’ F 

sidered  as  a functional  of  S , D , AND  J /<.  . Such  a study  would 
entail,  in  the  first  place  a knowledge  of  how  S depends  upon 
its  arguments.  By  making  use  of  the  results  of  this  paper  it  Is 
possible  to  derive  certain  closed  form  expressions  for  Syac.  Un- 
fortunately, these  expressions  all  Involve  the  Green' s-functione 
themselves,  and  henoe  are  of  little  help  at  the  present  in 
analysing  3vao.  we  did  know  the  exact  functional  de- 

pendence of  Syac  we  would  still  be  very  far  from  our  goal.  We 
would  need  in  addition  a mathematical  formalism  somewhat  akin  to 
analysis  as  applied  to  ordinary  functions  since,  as  we  have  seen, 

the  Green* e-f unctions  all  Involve  functional  derivatives  of  S_ 

▼ao 

with  respect  to  Its  arguments.  In  this  respect  we  can  but  hope 
that  the  mathematicians  will  become  interested  in  the  problem  and 
develop*  for  us  a theory  of  functional  analysis. 

There  also  exists  a second  pocslbility  which  appears  to  be 
somewhat  more  manageable.  As  we  have  seen,  the  Green* s-funotlons 


attempt  to  take  into  account,  in  one  fell  swoop  as  it  were,  all 
of  the  virtual  processes  associated  with  a given  real  process. 

The  one«electron  Green' s-f unction,  for  example,  takes  into 
account  all  of  the  virtual  processes  which  accompany  a free 
electron  in  its  flight  through  space.  One  can  take  the  position, 
as  Schwinger  has  done,  that  since  these  virtual  processes  are  in 
principle  not  observable  they  ought  not  to  ap -ear  in  the  theory. 

In  other  words,  one  should  work  solely  with  the  Green' s-functions 
which  are  given  in  terms  of  some  integro»dlf ferentlal  equation, 
and  not  worry  about  their  antocodente.  The  chief  drawbaok  to 
euoh  a scheme  is  that  some  of  the  quantities  appearing  in  the 
lntegro-dif ferentlal  equations  for  the  Oreen' s-functlone,  such  as 
the  m&Bs  operator,  are  themselves  extremely  complicated  objects 
which  up  to  now  have  been  expressible  only  as  power  series  in  the 
various  propagation  functions.  An  approach  of  this  type  has  been 
attempted  by  Edwards  with  eome  degree  of  success14. 

There  does  exist  a third  approach,  however,  lying  intermediate 
between  the  two  approaches  outlined  above,  which  we  would  like 
to  outline  briefly.  Consider  for  a moment  the  situation  in  which 
an  electron  is  scattered  by  some  external  field.  Given  its  initial 
energy  and  momentum,  we  wish  to  know  what  will  be  its  final 
energy  and  momentum.  In  attempting  to  answer  this  problem  from 
a theoretloal  standpoint,  one  of  the  first  questions  which  arises 
is  how  to  describe  the  initial  and  final  states  of  the  electron. 

In  the  present  form  of  the  theory,  the  eleetron  is  described 
initially  and  finally  by  eigenstates  of  the  free«fleld  Hamiltonian, 
H0.  However,  even  before  it  Interacts  with  the  external  field, 

14~" 

8.  F.  Edward r,  Phys.  Rev.,  284  (1963) 
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the  eleotron  is  in  interaction  with  its  own  virtual  photon  field. 
Henoe  one  should,  in  describing  the  initial  and  final  states  of 
the  electron,  include  the  effeots  of  these  virtual  photons.  As 
we  have  seen,  our  Green' e®f unctions  include  in  their  description 
of  the  electron  Just  these  virtual  fields.  It  apueara  reasonable, 
therefore,  to  employ  as  eigenstates  describing  the  electron,  eigen« 
states  of  the  operator  appearing  in  the  equation  for  the  one- 
eleotron  Green* a-funotlon.  Once  one  has  done  this,  there  exists 
the  possibility  that  the  matrix  elements  of  the  3-matrix  could 
then  be  expressed  in  some  simple  manner  in  terms  of  these  eigen- 
states. The  main  problem  facing  the  theory  would  then  be  shifted 
to  that  of  calculating  these  eigenstates  where  one  would  have  a 
muoh  better  chance  of  separating  out  the  Infinities  which  arise  in 
the  present  theory. 
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